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Out-of-phase mixed-mode oscillations of two strongly coupled identical relaxation oscillators
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We analyzed bifurcations of periodic regimes generated in the systems of two identical relaxation oscillators
under strong coupling through a “slow(inhibitory) variable. It was numerically shown that complex spa-
tiotemporal behavior is observed near the boundaries of stability of the known antiphase periodic attractor and
inhomogeneous steady states. Specifically, the following attractors were fGural:set of cycles of the
antiphase type, each of which consists of one full-amplitude excursion and of the different number of small-
amplitude high-frequency oscillatiorfthe period of antiphase mixed-mode regimes is much greater than that
of simple antiphase oscillationgii) inhomogeneous regimes of the above described typeof-phase mixed
mode with unequal numbers of small oscillations for different oscillatéis), period doubling cascades of the
out-of-phase mixed mode that lead to the appearance of chaotic attractors. We showed that the modes found
are not specific for our particular model; however, they are common for several classes of models and sensitive
to the stiffness of oscillators. We discuss also conditions for the generation of such refBhe63-
651X(96)06806-1

PACS numbef): 05.45:+b, 47.20.Ky, 82.40.B;]

[. INTRODUCTION through their slow variables and find unusual regimes of the
out-of-phase type that are realized in the range of strong
In coupled oscillatory systems, the primary interest wagnteractions(near the stable inhomogeneous steady-state re-
directed to the question of how local oscillators are entraine@ion). These regimes look like they are “bursting” and are
to common collective oscillations. The studies of coupledcharacterized by the existence of small-amplitude high-
oscillatory units are useful for the understanding of spafrequency oscillations that alternate with the single large-
tiotemporal patterning in electronidd,2], physiology[3],  amplitude long-period cycle. In the partial phase plane
chemistry[4,5], etc. Relaxation oscillators represent an im-(X;, Y;) they appear as small loops on the partial “limit
portant class of nonlinear systems describing many naturdlycle” (more exactly, on the projection of the four-
and artificial phenomena characterized by very different timelimensional limit cycle in the partial phase plan€ollowing
scaleg6-10. [23], we will call these regimes mixed mode. However, the
Since the work of Lefever and Prigogifi#l] the behav- similarity of the mixing mechanisms described for three-
ior of two coupled oscillators was a subject of extensivevariable oscillator$23,24 and for the coupled two-variable
investigations. It was shown that the simplest diffusive cou-0scillators should be considered separately.
pling of identical oscillators can provide the existence of the Despite seeming temporal complexity, the mixed-mode
antiphase limit cycle that is realized in many mod@sl2—  regime is symmetrical with respect to a half-period shift. A
15]. The antiphase limit cycle may be considered as the unidetailed continuation of this regime in parameters permits a
versal model-independent attracf@#,16—18. In this mode, break of the symmetry to be revealed. A break of the sym-
the wave forms of both oscillators are identical except for anetry gives rise to the spatially inhomogeneous limit cycles
half-period shift. In addition to periodic modes, stable sta-(out-of-phase mixed modehat have the loops on different
tionary states emerge because oscillators may stop each otHgtts of trajectories of the two oscillators.
due to coupling. The chemicdb,12] and electronic[19]
experiments confirmed the existence of the 180° out-of- Il. MODELS
phase regime and inhomogeneous steady sf@@k and
showed a general character of these modes and their insen-
sitivity to noise and other experimental details, including The membrane model is a result of the reduction of many
weak nonidenticality. equations describing the process of lipid peroxidation in bio-
Bistability of the in-phase and antiphase limit cycles waslogical membrane$25], and may be simplified and written
studied in the framework of membrane model of cell cyclein the dimensionless form
regulation[21]. It was shown that the bistability of the two

A. Membrane oscillator

periodic regimes in the phase diagram is a typical phenom- d_X: E o+ EXY— X2— § 7_X (1a)
enon and the stiffer the oscillators, the larger the volume of dt ¢ 2 2X+68]’

parameter space involved in the bistability region. The coex-

istence of several periodic solutions was investigated in de- dy 3 1 X

tail for two Brusselators taken not far from the Hopf bifur- Gt 1Kk FXY=DY= 5o (1b)
cation[22]. In this area of parameters, the wave forms are

smooth enough and the phase diagram is very rich. The parametee specifies the time scale and is varied be-

In this paper, we concentrate atiff oscillators coupled tween 0.1 and 0.001. Hei¢, Y are dimensionless concen-
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transition occurs ap=1.73.

FIG. 1. The phase portrait of systefh) for y=0.5, §=0.15,
x=0.05, D=0.2 fixed throughout this papen=2.56. Other des-
ignations are explained in the text.

respectively.

(ii) The period strongly depends on the value of the bifur-
cation parameter as it is shown in Fig. 3. Such a depen-
dence of the period on the control parameter is typical of the
Hopf bifurcation with the canard transitid21], which hap-
pens atp~1.73. The period has &nite maximum value.
The nearly vertical solid line corresponds to a very narrow
region where Hopf’s limit cycle develops into a large ampli-
. . . ~ tude limit cycle. As# increases, the cycle disappears via

L.Et us summarize e_ss_ent|a| features of the oscillator: subcritical the Hopf bifurcation aty~3.85. This bifurcation

.(') The fo”‘? of the limit cycle and_ consgquently the am'.assume$see Fig. 3that two attractorgthe stable focus and
plitudes of variables are remarkably insensitive to changes iQape jimit cyclg coexist in a region around the bifurcation
the bifurcation paramete at least up top=2.8 because .yt The width of the bistability region strongly depends on

nhdoes not Qnt?rthla) for the N-sﬁape? nuI'Ifr];chne. The the value of the relaxation parameterthe greater the stiff-
phase portrait of the membrane oscillator for differerdnd ness, the narrower the region.

the time serieX(t) andY(t) are presented in Figs. 1 and 2, (iii) The form of oscillationsX(t), Y(t) for £<0.05 is

highly asymmetrical(Fig. 2), i. e., the times spent on left
(Tiery) @nd right (T;igny) branches of thé-shaped nulicline

trations of radicals(“fast” variable) and lipids (“slow”
variable, respectively«, v, 8, D, n are the rates of influx
and efflux of participants. The first four rates are fixed here
after and only» will be considered as a bifurcation param-
eter for differente.

307 X (fast) dX/dt=0 are very different:T et Trighe> Tjump, Where
. Tjump is the time of jumps between the nulicline branches.
20 - The degree of asymmetry will be characterized by the ratio
a@=Tett/Tight,» Which grows as the system approaches the
i} singular bifurcation aty=1.73 (Fig. 3. This occurs because
1.0 the phase rate of a representative point in the vicinity of
| Yqit (see Fig. 1 tends to zero but the form of the cycle
remains unchange@xcept for a very narrow region of the
0.0 e 3 2 I Hopf bifurcation with the canard transitinriThe degree of
time asymmetry of the oscillator is essential for generating inho-
65 ¥ (slow) mogeneous regimes in the system of coupled oscilldsas
] [21]).
5.5 -
] B. The Brusselator
45 | In order to check the generality of results obtained, we
35 use the popular Brusselator, which is a typical model of the
] so-called\ -oscillators with classical supercritical Hopf's bi-
25 . . . . furcation of the cycle birth. The well known equations for
“ o 2 4 6 8 10 the Brusselator are presented here for the sake of conve-
hime nience:
FIG. 2. The time series ofl) for “fast,” X(t), and “slow,” d—x—A—(B+ 1)X+X2Y, (29)

Y(t), variables forp=2.56, ¢ =0.03. dt
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dy 5
T BX—X“Y. (2b) 2.9 Sable
1 3 . inhomogeneous
We choseA=2 andB large enough in order to ensure 27 1 > Steady states
that the Brusselator was a relaxation oscillator in whicts ]
a slow variable. The steady state of the systig+A, 2.5 1
Y.=BJ/A loses stability ifB=A2+1 at supercritical Hopf s ] Sy =015
bifurcation, and a stable limit cycle appears. In contrast to 2.3 1 / e p
the membrane oscillator, the Brusselator has a trianglelike ] ,/“"e=0.03
phase portrait. The size of the limit cycle and the period of 17
the oscillations are proportional t@¢ 1)2. [ “Antiphase ; .
We will consider two identical oscillators coupled sym- 1.8 1 :
metrically but through a semipermeable membrane. It means 7
that the diffusive ternC(Y;,.1—Y;), i=1, 2 is added only to 00 01 02 03 04 05 06 07
the second equation of each oscillator: c
dX; FIG. 4. The phase diagram d¢f) on the C, #) plane for
dt =F(X;.Y)), £=0.15, 0.03. The regions of antiphase oscillations are outlined by
the dashed lines. The shadowed region corresponds to the localiza-
dy, tion of mixed-mode cycles. Solid lines are boundaries of the region
rTEE G(Xi,Y)+C(Yir1—Yy), (3)  of the inhomogeneous steady states.
i=1,2. chosen equations until an asymptotic behavi@attractor”)

was obtained with the needed accuracy. This attractor was
The coupling we use is not the most general because weassified. The procedure was repeated for another initial
disregard coupling through the fast variables, but such a simpoint. The strategy found different types of coexisting attrac-
plification is justified for relaxation systems in which inho- tors for the chosen set of parameters. We then changed the
mogeneous regimes may be destroyed by coupling througparameters and repeated the whole procedure.
the fast variable exchange affecting the most sensitive slow
part of the cyclegsee alsd17,18).

It should be noted that, for two membrane oscillators, the IV. RESULTS
form and the amplitude of the cycle remain almost un- _ _ _
changed when we vary the stiffness)( asymmetry(as a A. Overview of basic solutions
function of ), and diffusive coupling strengti®), whereas The large-scale phase diagrams of the system of coupled

any variation ofA,B,C in the system of two coupled Brus- membrane oscillators in theC(#)-parameter plane for
selators significantly affects the form and the amplitude of; =0 15 0.03 are shown in Fig. 4. The antiphase stable pe-
the cycle and thereby changes the diffusion flow betweeniodic solution(the wave form is presented in Fig) 6ccu-
B.russelators. In part!cular, comparing the results for VeNyies an essential part of the control parameter pladiey).
different values o3, it would be reasonable to rescale the The regime coexists with the in-phase solution, which is
V_alueS ofC in order to prOVIde the same IntenSIty of diffu- Stab'e everywhere over the presented phase diagram. We
sion. also found that, for strong coupling, bistability between the
antiphase mode and inhomogeneous steady states is possible
1. METHODS but only if the stiffness of the coupled oscillators is greater
._than a certain critical value. For the membrane oscillator it
All the results presented below are based upon numeric eans that <0.12 orA>1.23 for Brusselator. The coexist-
computations. We used an ex.pI|C|t fourt_h ordeouble pre- ence of three stable attractofthe in-phase and antiphase
C.'S'On) Runge-Kutta routine with step size pontr(shbrou- regimes and inhomogeneous steady sjaiesurs(see Fig. 4
tine na_lmed DRKGS frqm the old scientific Ilt_)rary SSP for £=0.03) without an infinite period bifurcation, which is
which is a_good and_ reliable ”_‘ethOd for equations tha'_[ ar‘?ypically expected6] in such a situation. To study the new
not very stiff. Checking the existence of spurious soluuonsrelations between the antiphase regime and inhomogeneous

(when we had some doubtﬁ/as performed using the pack.— steady states the evolution of the antiphase limit cycle should
ageAuUTO [26]. AUTO was used in both parametrical analysis be investigated in the vicinity of the overlapping area.
of steady states and investigation of periodic solutions near

their bifurcations. Special attention was paid to the analysis

of transient regimes. We examined periodic solutions ob- B. Two kinds of antiphase solutions

tained with DRKGS and implicit integratofRADAUS5 was The parameter continuation performed usiugo shows
found to be very usefiland found no difference between that the stable antiphase solution ends in the pitchfork bifur-
them within the limits of the computational errors. cation BP(Fig. 6) or fold type catastroph@angerous bifur-

It was a problem to search for solutions for the desirablecation in termq27] because the system abruptly changes its
values of the parameters. We adopted the following simplédehavioj. The ordinate gives the norm of the solutions,
strategy: starting from a random initial point, we solved thewhich is defined as



166

STOLYAROV, ROMANOV, AND VOLKOV 54

d
1
1
1
L}
1
]
]
[
1
1
1
]
t
1
1
t
1
1
i
1
1
i
1

L}

»

e \
",

[TAVATAY RN

25 T T T T T T T 1
25 . : . : ‘ : . : 0 6 12 18 24 30
3 6 9 2 (a) fime
time
FIG. 5. The wave forms of the slow variabl&s,Y, for the
antiphase limit cycley=2.56, C=0.52, £ =0.03.
T 6.0
T‘1’2<J [X2(1)+ Y2(t) + X3(t) + Y3(1) ]dt L
0 5.5 -
whereT is a period. The antiphase mode loses stability as 1
coupling is increased but its period increases only slightly, 50 7
even if the mode overlaps with the stable inhomogeneous 1
steady states. 4.5
The system of coupled oscillatof®) was solved by direct i
integration under more intensive coupling in order to find
new regimes onto which the system settles after the pitchfork 4.0 7
bifurcation. We discovered a set of solutions which are char- ]
acterized by the presence of the different numbers of loops 3.5 -
on the phase portrait. Figuregaf present an example of ]
waveforms and the phase portrait of the limit cycle with six 30 4
Norm 2.5 T T v T T T T T T 1
6.90 0.0 0.5 1.0 1.5 2.0 2.5
6.690 Xl
(b)
Anti-phase Q}BP 66501
6.80] FIG. 7. The wave form(@ and phase portraith) of the an-
e tiphase mixed-mode regime gt=2.56, C=0.55.
~~~~~ 6.600
6.70 ] ‘~~Q§%7.?'.5.3?fff2_°'535 o loops. It is easy to see that the large parts of the trajectories
) e e consist of the high-frequency low-amplitude oscillations.
Mixed - °\.‘?}’ The full period of the mixed-mode cycle is typically signifi-
6.60 ] mode . cantly greater than that of the antiphase mode. The wave
T, forms the mixed-mode cycles are invariant with respect to
T the T/2 time shift. Therefore, we will call these solutions
el T “antiphase mixed modes.” This four-dimensional limit
0.500 0.525 0.550 0.575 0.600 cycle has coincidental projections in thi;(Y;) planes of

each oscillator.
The area in the parameter plane that contains antiphase

FIG. 6. Continuation of antiphase and one-looped mixed-moddnixed-mode cycles is enlarged in Fig. 8 to clarify the details.
solutions fory=2.56, ¢ =0.03. Solid curves denote asymptotically 1he dotted line is the boundary of the stable inhomogeneous

stable solutions, and dashed curves denote unstable solutions.

stationary solutions. The set of stripes marks the areas cor-
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When parameters are chosen near the area of stable inho-

ez IN mogeneous states, a part of the antiphase cycle passes close
260 Stable inhomogeneous to the unstable focus. If coupling is great enough, the repre-
. steady states sentative point is captured by the rotating field of the focus.
’"wj s This part of the cycle is then replaced by a helical trajectory
2.56 - with one or more windsauto shows that the substitution is
= not a bifurcation to the torus or period doubling. The one-
2,64 1 parameter continuation of the one-looped mixed-mode cycle
2.52: (Fig. 6) discovers that this regime manifests as a closed
) curve without any evidence of bifurcations to other attrac-
2.50 tors. Such solutions are typically referred to as “isolas.”
1 One-, two- anch-looped mixed-mode regimes appear as iso-
2.481 N s lated solutions and coexist with the neighbors.
248 ] . : . : : h Inside the stripes of the multilooped mixed-mode regimes,
.5 0.52 0.53 0.54 0.55 0.56 0.57 0.58 -

FIG. 8. The small scale phase diagram for mixed-mode solu-
tions for e=0.03. The numbers mark the regions witHooped
cycles. The thick solid line outlines the region of all kinds o
mixed-mode regimes. Other designations are indicated in the text.

the phase flux around the inhomogeneous focus is very com
plex, because the ILC’s undergo the period doubling bifur-
cation sequence. The set of ILC families with numerous lo-
cal maxima was studied ir22], but for very strong coupling

’ (C~10) of two Brusselators taken near the Hopf bifurcation.

It was shown that the infinity of periodic solutions and cha-
otic attractors exist. Using the packageto we found that

responding to antiphase mixed-mode limit cycles with diﬁer_for the coupled membrane oscillators all the ILC’s are al-

ent numbers of loops. One can see in Fig. 8 that the stab@@yS unstable and are located inside the strip along the
antiphase mixed-mode and simple antiphase regimes can c oundary of the inhomogeneous steady states. Their ampli-
exist (the dashed line is a continuation of BP along thetudes and frequencies correspond to those of the small oscil-
branch of the antiphase solutiorit is essential to note that ations in the antiphase mixed mode. That is why the bound-
the more stiff the isolated oscillator is, the larger the area tha"Y Of the parameter set at which the ILC exigtashed and
is occupied by the mixed-modeegardless of the number of dotted lines in Fig. Boutlines the region on parameter plane
loops, and the smaller the sizes of the loops. where the system of oscillatofé) has mixed-mode cycles.
The appearance of antiphase mixed-mode cycles may be Any antiphas.e limit cycles four)d for the model o_f coupled
considered a result of the interaction between the antiphag@embrane oscillators can be bistable with the inhomoge-
mode and a spatially inhomogeneous limit cydleC) that ~ N€OUS steady state(altho_ugh the areas of overlapplng are
emanates via the Hopf bifurcatidisee[18]) of the stable very smal). The penetration of the m|xgd—mode regime into
inhomogeneous steady state. The ILC locates around an uffl€ inhomogeneous steady-state area is a specific feature of
stable focus that is an inhomogeneous stationary solutiof'€ Model(1). The period of the mixed-mode regime de-
outside the region of stable inhomogeneous steady stateR€Nds on the number of loops; the functi®(C) demon-
This four-dimensional limit cycle has noncoincidental pro- strat_es infinite period bifurcation in the area of overlap with
jections in the X;,Y;) planes of each oscillatdsee Fig. 9. e inhomogeneous steady statésg. 10, whereasauto
The frequency of small oscillations in the mixed mode cor-continuation of the simple antiphase solution in two param-
responds to the frequency associated with the unstable foc§d€rs shows that this stable periodic solution hasfities
and the ILC. The ILC’s are “separatrix” cycles that charac- Period everywhere along the boundary of its extinction.

terize the part of the phase flow oscillating around the focus, | "€ Phase diagram for two coupled Brusselators taken far
from the Hopf bifurcation of their birth is almost the same as

that for membrane oscillators, but there is the parameter set
where the ILC’s are stablel8,22. The regions correspond-
ing to the anti-phase mixed-mode regimes, the ILC, and
stable inhomogeneous steady states are shown in Fig. 11.

| 1. T,

X, Y,
\ Inhomogeneous

steady states

In-phase cycle

X, X,

The strip of the one-looped mixed-mode cycle is drade-
noted by 1}, but other strips of the 2-, and 3- looped cycles
are too narrow to be pictured on this scale. Wit in-
creased buB is fixed the period of the mixed-mode regime
grows but does not tend to infinity because inhomogeneous
steady states are unstable. Moreover, penetration of the
mixed-mode regime into the area of the stable inhomoge-
neous steady states is impossible: the stable ILC separates
them from the inhomogeneous steady states. We believe that
the antiphase mixed-mode regimes are disinct from the one-
looped solution observed by Shreiletral. (Fig. 11 in[22])
because the latter solution undergoes an infinite period bifur-

FIG. 9. The projection of phase portrait of the inhomogeneousCation due to the lengthening of the flat part of the trajectory.

limit cycle (ILC) in comparison with one of the in-phase cycle.

Its loop is not linked with the rotation around the inhomoge-
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FIG. 10. Period of antiphase mixed-mode cycles vs the coupling
C at »=2.58,£=0.03. FIG. 12. The wave form of the out-of-phase mixed-mode cycle
for (1) at »=2.485,C=0.57,¢=0.03.
neous steady state so the loop appears under smaller values

of coupling than these steady state. shows that the branch of the out-of-phase mixed-mode solu-

tions is an isolasee Fig. 13 The unsymmetrical solutions
C. Symmetry breaking bifurcation produce a tertiary periodic branch via the period doubling

Each of the antiphase mixed-mode solutiongBfbifur- bifurcation and so on. We found here a cascade of period

cates via the symmetry breaking bifurcation &Pen square doubling bifurcations and, therefore, there is an infinite

in Fig. 6) to the secondary branch containing stable unsym_structure of stable periodic and nonperiodic solutions in the
metrical solutions. Figure 12 shows the regime where thé€9ion Of parameters. The cross-hatched area in Fig. 8 shows

first oscillator has no loop at the lower part of the wave formth€ parameter set where quasiperiodic and chaotic regimes
while the second one has one loop demonstrating breaking &2ve large basins of attraction.

the spatiotemporal symmetry. Such attractors emerge typi-

cally as the boundaries between the antiphase mixed-mode V. DISCUSSION

regimes withN andN+ 1 number of loopsalthough it is not

i X . X It is well known that the coupling of even identical oscil-
obligatory. The parametrical continuation made byTo

lators can result in the appearance of a variety of attractors,
including the stable inhomogeneous steady states. The an-
tiphase regime was found in many systems and was proved

175 1
]
! Mixed-mode Norm
B 1 6.79
Anti- 6.78
phase Stable ILC . 677
1504 e
\ i :
) 6.76
v Stable inhomogeneous
vos 6.75_]
- steady states
| I
\ -'| 6.74 “.
' 6.73 !
125 ——1 . . '
0.00 0.05 0.10 0.15 0.20 0.25 6.72
¢ 2.484 I 2.'-||83 l 2.4I85 I 2.4||87 I 2.4|89

FIG. 11. The phase diagram for two coupled Brusselators at
A=2. The thick solid line outlines the region of all kinds of mixed- FIG. 13. Bifurcation diagram of the out-of-phase mixed-mode
mode regimes. cycle. Period doubling bifurcations are denoted by PD.
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analytically for the case of weak couplirid6,15. It has  oscillators with theN-shaped nulicline, the amplitude of the
been shown already that the antiphase regime that exists stable ILC is so small that the ILC is practically indistin-
the system of relaxation oscillators under strong coupling haguishable in the steady stdxcept for the oscillatory exter-
the peculiarities that might be essential for the interpretatiomal signal of appropriate frequency
of biological and chemical experimeri§,18]. The model(1) demonstrates the out-of-phase mixed-mode
The mixed-mode regime should be outlined, first, as aycles(see Fig. 12 as an exampl&hese cycles are observ-
periodic solution that possesses the second time scale in adble for the intermediate stiffness only (002<0.06). De-
dition to the period of the antiphase solution. For very stiff spite the small areas occupied by these solutions in a param-
oscillators these high-frequency oscillations are practicallyeter plane, they seem to be of principle importance because
unobservable and the coupling changes only the amount aheir existence may be considered as the phenomenon “bro-
time spent by the system on different parts of the trajectoryken spatio-temporal symmetry” but for the limit cycles.
Under the intermediate stiffness, the presence of the second A comparison of coupled membrane oscillatéts with
time scale should be taken into account if the influence otoupled Brusselators shows that the properties examined are
external oscillator would be considered, for example. general and are realized if the stiffness is greater than a cer-
Second, an analysis of the full phase diagram shows thatin critical value. The observability of these peculiarities is
there is such a region of the control parameters where thguite problematical due to the small areas of hysteresis on
mixed-mode regime transits to the inhomogeneous steadyne phase diagram and small amplitude of loops in the
states via infinite period bifurcatiofsee Fig. 1D Besides, mixed-mode regime. But if the experimental system has the
the antiphase mixed-mode cycles can coexist with the arparameters that robustly control the stiffness and the position
tiphase regime and the stable inhomogeneous steady state$,oscillators with respect to the bifurcation of their birth,

providing a hysteresis between these attractors. then the obtained regimes and transitions may be observed.
Another interesting regime is the inhomogeneous limit
cycle. Generally speaking, the ILC should be considered as a ACKNOWLEDGMENT

typical oscillatory pattern because one type of the ILC
emerges from the inhomogeneous steady state via the Hopf The authors gratefully acknowledge Professor H.B. Keller
bifurcation, e.g., if the coupling strength decreased. For théor the use of the packagesTo.

[1] J. P. Gollub, T. O. Brunner, and B. G. Danly, Scie@@, 48 (1980.

(1978. [16] H. G. Othmer, D. G. Aronson, and E. J. Doedel, Physic26D
[2] J. Berkemeier, T. Dirksmeyer, G. Klempt, and H.-G. Purwins, 20 (1987.

Z. Phys. B65, 255,(1986. [17] D. G. Aronson, G. B. Ermentrout, and N. Kopell, Physica D
[3] D. A. Linkens, I. Taylor, and H. L. Duthie, IEEE Trans. 41, 403(1990.

Biomed. Eng.23, 101(1976. [18] E. I. Volkov and V. A. Romanov, Phys. Sc&1, 19 (1995.
[4] I. R. Epstein, Commun. Mol. Cell. Biophy$, 299, (1990. [19] D. Ruwich, M. Bode, P. Schutz, and M. Markus, Phys. Lett. A
[6] M. F. Crowley and I. R. Epstein, J. Phys. Che@8 2496,  5q] | stuchl and M. Marek, J. Chem. Phy&Z, 1607 (1982.

(1989. [21] M. N. Stolyarov and E. I. Volkov, Phys. Lett. A59 61

[7] B. Lavenda, G. Nicolis, and M. Herschkowitz-Kaufman, J. (1991)

Theor. Biol.32, 283(1971). . . .
. . [22] I. Shreiber, M. Holodniok, M. Kulmek, and M. Marek, J. Stat.
[8] J. Gerhart, M. Wu, and M. Kirschner, J. Cell. Bi@8, 1247 Phys.43, 489 (1986.

(1986.
[9] M. J. Berridge and P. E. Rapp, J. Exp. Biell, 217 (1979, [23] V. Petrov, S. K. Scott, and K. Showalter, J. Chem. PI&y&.

[10] G. Gerisch and V. Wick, Biochem. Biophys. Res. Commun. 6191(1992. _ .
65, 364 (1975. [24] J. Honerkamp, G. Mutschler, and R. Seitz, Bull. Math. Biol.

[11] R. Lefever, and I. Prigogin, J. Chem. Phyi8, 1695(1968. 47, 1 (1985. . .

[12] K. Bar-Eli, J. Chem. Phy<94, 2368(1990). [25] D. S. Chernavskiet al, BioSystems9, 187 (1977).

[13] A. T. Mustafin and E. I. Volkov, Biol. Cybern49, 149 [26] E. J. Doedel, N. G. Keller, and J. P. Kernevez, Int. J. Bifurca-
(1984). tion Chaosl(3), 493(1991); 1(4), 745(199).

[14] J. J. Collins and 1. M. Stewart, J. Nonlin. S6i. 349 (1993. [27] 3. M. T. Thompson, H. B. Stewart, and Y. Ueda, Phys. Rev. E
[15] P. J. Holmes and R. H. Rand, Int. J. Non-Linear Met%).387 49, 1019(1994.



